Abstract. The e ect of coupling sensitivity of chaos is known as logarithmic singular behavior of the Lyapunov exponents of coupled chaotic systems at small values of the coupling parameter. In order to study it analytically, we use a continuous-time stochastic model which can be treated by means of the Fokker-Planck equation. One main result is that the singularity depends on the uctuations of the nite-time Lyapunov exponents and on the mismatch between the coupled systems. We derive scaling relations for the Lyapunov exponents and give a qualitative explanation of the origin of the logarithmic singularity. The analytical predictions are compared with results of numerical calculations for di erent deterministic systems.
INTRODUCTION
The dynamics of coupled chaotic systems have been a subject of great interest in recent years. In particular synchronization phenomena, requiring comparatively strong coupling, have been extensively studied (see, e.g., 1] and references therein). For very weak coupling, however, a logarithmic singularity in the dependence of the largest Lyapunov exponent on the coupling parameter can be observed. When Daido found this phenomenon in numerical experiments with coupled nonlinear maps, he called it coupling sensitivity of chaos 2{4]. He also started a theoretical investigation based on stochastic discrete-time mappings 5].
In contrast to a previous work based on the theory of directed polymers in random media 6], we use a system of stochastic di erential equations to model the perturbation dynamics. A similar approach has recently been applied to coupled map lattices 7] . We propose our model to apply to both discrete-and continuoustime systems as well as to coupled high-dimensional systems.
For motivation, we start with two di usively coupled one-dimensional nonlinear maps f 1 (x) and f 2 (x) acting on state variables x 1 (n) and x 2 (n),
x 2 (n + 1) = f 2 (x 2 (n)) + " f 1 (x 1 (n)) ? f 2 (x 2 (n))] ;
where " is the coupling parameter (specifying the strength of coupling). If we consider perturbed state variables x i (n) + w i (n), the evolution of the perturbation variables is in linear approximation given by
w 2 (n + 1) = "f 0 (1) (n) andw (2) (n). Local ( nite-time) Lyapunov exponents are de ned as (N;x(0)) = 1 N ln jw(N)j jw(0)j :
Lyapunov exponents are also de ned for continuous-time systems 8]. In general, the Lyapunov exponents will depend on the coupling, i = i ("). We denote as i = i (0) the Lyapunov exponents of the uncoupled systems. . We again emphasize that this model is intended to describe not only the perturbation dynamics of coupled onedimensional maps, Eqs. (1) and (2), but also those of coupled di erential equations and even higher-dimensional systems. The scalar variables u 1 and u 2 account for each system's perturbation in the direction of largest growth.
Equations (3) ) and C is a normalization constant.
This stationary distribution can be used to obtain an expression for the largest Lyapunov exponent, which can be written as 2 ) which have, however, identical Lyapunov exponents ( 1 = 2 ). We have veri ed this in numerical simulations (to be published elsewhere).
For coupled one-dimensional systems, an expression for the second Lyapunov exponent can be obtained from the divergence of the phase space area using Eqs. (3) (6) and nd the same singularity for the second Lyapunov exponent as for the rst one, just with an opposite sign.
A QUALITATIVE PICTURE
The origin of the logarithmic singularity can be understood by a qualitative consideration. For simplicity we assume 1 = 2 = 0 and For small " the coupling in Eq. (3a) only in uences the dynamics of u 1 
=" u 2 . Thus the coupling leads to e ective equalization of u 1 and u 2 only if the system reaches the lines u 2 = 2 u 1 =" and u 1 = 2 u 2 =" in phase space, as illustrated in Fig. 1(a) . In the plane of logarithmic variables ln u 1 and ln u 2 , the dynamics of the system is restricted to a strip of vertical and horizontal width 2j ln("= 2 )j, see Fig. 1(b) . Since the multiplicative noise term is transformed to an additive one in logarithmic variables, the dynamics between the re ections can be seen as a two-dimensional random walk. The re ections introduce a drift in the direction of growing ln u 1 and ln u 2 . The average time to reach the boundary from the middle diagonal is ln("= 
NUMERICAL RESULTS
We compare the theoretical predictions with results of numerical simulations for coupled one-dimensional maps, Eqs. (1) respectively. For a = 1=2 we obtain the ordinary Bernoulli map. In this case, there are no uctuations of the local multipliers ( 2 = 0), and no coupling sensitivity of the Lyapunov exponents is observed.
In Fig. 2(a ). In Fig. 2(b) the same data is shown in scaled coordinates, ( i ? )= 2 vs 1=j ln("= 2 )j. A good data collapse in agreement with the theoretical results, Eqs. (5) and (6), is observed.
CONCLUSION
We used a stochastic model to obtain a scaling relation for the dependence of the largest Lyapunov exponent of coupled chaotic systems on the coupling parameter ". It is valid for all values of " and arbitrary coupled systems. For small values of " and systems with identical Lyapunov exponents in the uncoupled case ( 1 =
